We study quantum phases of ultracold bosonic atoms in a two-dimensional optical superlattice. The extended Bose-Hubbard model derived from the system of ultracold bosonic atoms in an optical superlattice is solved numerically with Gutzwiller approach. We find that the modulated superfluid(MS), Mott-insulator (MI) and density-wave(DW) phases appear The system of ultracold atoms in optical lattices, which provides an intriguing environment to study strongly correlated condensed matter systems and quantum information due to the complete control over the system parameters, has been extensively investigated theoretically and experimentally. The superfluid-Mott-insulator transition of ultracold bosons in optical lattices has been theoretically analyzed and experimentally demonstrated [1, 2] . The realization of 1D quantum liquids with atomic gases has achieved [3, 4] . A Bose glass phase has been observed in an optical lattice [5] . Repulsively bound states in an optical lattice have been observed in a recent experiment [6] . Atomic Bose-Fermi mixtures in an optical lattice have been studied [7, 8] . Ultracold fermionic atoms in optical lattices have also been investigated recently [9, 10, 11, 12, 13] . Magnetic quantum phase transition, nonlinear dynamics of a dipolar Bose-Einstein condensate, phase diagram of two-species Bose-Einstein condensates and magnetic soliton and soliton collisions of spinor Bose-Einstein condensates in an optical lattice have been studied [14, 15, 16, 17] . Diverse schemes of quantum information processing in optical lattices have been proposed [18, 19, 20] . The quantum phases of ultracold bosons in one-dimensional optical superlattices have been discussed in some literatures [21, 22, 23, 24, 25, 26] . However, the system of ultracold bosons in a two-dimensional optical superlattice has not investigated as yet.
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where ψ(r) and ψ † (r) are the boson field operators for annihilating and creating an atom at site r respectively; g = 4πa sh 2 /m, where a s is the s-wave scattering length, which is positive for atoms with repulsive interactions; m is the mass of atoms andμ is the chemical potential; V (r) is an external potential. In our model, the external potential V (r) is a two-dimensional superlattice po- 
where (i x , i y ) is the coordinate position of lattice site i in the two-dimensional optical superlattice. 
and U B = g dr|w B (r)| 4 /m are the on-site interactions on the two different kinds of sublattice sites.
With Gutzwiller's ansatz, we can write the wavefunctions of the system as [1] ,
where |n i is the Fock state with n particles at the lattice site i and f To identify different quantum phases, we define the static structure factor as follows:
where R i is a lattice vector and N is the number of lattice sites. The diagonal long-range order and the off-diagonal long-range order in the system of ultracold bosonic atoms in a two-dimensional optical superlattice are measured by S(π, π) and φ = b , respectively. The Mott-insulator phase is a state with particle number density pinned at an integer such as n = 1, 2, · · ·, which corresponds to a commensurate filling of the lattice. The Mott-insulator phase is characterized by S(π, π) = 0 and φ = 0. In the density wave phase, the particle number density is modulated by with the period of twice lattice constant and is pinned at two different integers in the two different sublattices.
The density wave phase is a superlattice crystal with the diagonal long-range order measured by S(π, π), and without the off-diagonal long-range order. Therefore, S(π, π) = 0 and φ = 0 feature the density wave phase. In the modulated superfluid phase, the diagonal long-rang order and the off-diagonal long-range order coexist, so the modulated superfluid phase is characterized by technique to detect the supersolid phase of cold atoms with long-range dipolar interactions in an optical lattice [28] . The correlations for the case of a bosonic Mott insulating state [13] , and the pair-correlated atoms created by dissociating weakly bound diatomic molecules near a Feshbach resonance [29] have recently been observed through shot-noise correlations techniques experimentally.
For the time of flight detection, the atoms interact weakly after the trapped optical lattice is adiabatically turned off, and the number of atoms at position r in the expanding cloud after a time T is given by n(r) T ≈ |w(k(r))| 2 ρ 0 (k(r)), wherew is the Fourier transform of the Wannier function [27, 28] . The relation between the lattice momentum and the position in the expanding cloud after an expanding time T is k(r) = a 0 mr/hT , where m is the mass of atom and a 0 is the width of the Wannier state in the lattice. ρ 0 is a first order correlation function in the lattice momentum space which is defined as follows,
where R i is a lattice vector. The first order normalized correlation function is defined as
where N is the number of lattice sites. The shot-noise correlation function in the expanding atomic cloud after an expanding time T is G(r, r ′ ) = n(r)n(r ′ ) T − n(r) T n(r ′ ) T , which is proportional to momentum correlations in the ground state of the optical lattice trapped system,
where G 0 (k, k ′ ) is the second order correlation function in the lattice momentum space. the second order normalized correlation function is defined by
, which can be written as [28] ,
where the δ(k − k ′ ) term is the autocorrelation term and will be dropped in the subsequent discussion because it only contributes to the second order correlation function for k = k ′ and does not contain the characterizing information about the correlation function distribution in the momentum space.
To identify the quantum phases, such as the Mott-insulator, density wave and modulated superfluid phases, in experiments, we pick out three points α, β and γ, representing the three quantum In our work, for simplicity, we do not consider the shallow harmonic trapping potential, which is usually required to trap atomic gases in the practical experiments. In fact, the presence of a shallow harmonic trapping potential does not change the intrinsic features that we have discussed.
The energy offset due to the shallow harmonic trapping potential can be combined in the effective 
